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MEASUREMENT OF INHOMOGENEOQOUS
MAGNETIC FIELDS USING A
ROTATING DIPOLE SEARCH COIL

by

Niels J. Hansen

ABSTRACT

The measurement of inhomogeneous magnetic fields using a rotating
dipole search coil has been investigated for both two-dimensional fields and
cylindrically symmetric three-dimensional fields. It is found that when the
fields are expressed in terms of an approi;riate series expansion, the coil
shape may be determined such that the constant term of the expansion may
be measured to any desired degree of accuracy. An optimum coil shape to
minimize the contributions from terms of higher order is one with rectan-
gular cross section and whose parameters satisfy the relation

9 rg r;

o 1
e e LR )
Zo r:'ri

where r, and r, are the outside and inside radii, and 2h is the full
width. By use of such a coil with x = r,;/r, = 0.3, ignoring the fact that
individual turns may not be flat and circular, but may actually be some
sort of helical segment, and by ignoring possiple deformations that may
occur during the fabrication of the coil, except for a simple eccentricity
of the rotation axis, the field of the Argonne double-focusing alpha-
particle spectrometer may be measured with a theoretical precision of
one part in 10%. In actual practice, real imperfections in the coil plus
other factors, such as the difficulty in measuring small voltages and the
problems encountered when attempting to balance the phase of two simi-
lar signals, may limit the accuracy to about one part in 10°,

I. INTRODUCTION

It is a natural consequence of Faraday's law of electromagnetic
induction' that when a conductor moves through a magnetic field, an emf is
induced along its length, and if the ends are joined by a closed circuit a
current will flow. The induced emf is proportional to the velocity of motion
and to that component of the magnetic field which is perpendicular to the
direction of motion. That component of the field which is parallel to the
direction of motion does not induce an emf in the conductor.
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hat the result of the measurement will

mponents will add in such a way t
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If the nonuniform field 1s expressed in terms of a Fourier expan-
sion about the point (x,y, z) at which the measurement is to be made, the
component of the field that we wish to measure 1s characterized by the con-
stant term of the expansion. Then the contributions from the higher-order
terms, which will correspond to derivatives of the field in an equivalent
Taylor's expansion, must either vanish or be made negligibly small. This
problem has been studied by Garrett? and by de Raad,? who have shown that
in the measurement of two-dimensional fields, the dimensions of the probe
coil may be determined such that the largest contribution to the measure-
ment of the field will come from the fifth-order term, which in-
volves the fourth derivative of the field, and 1s negligible. In the Garrett
analysis, which has been discussed by Laslett,? the system is separated
into two parts: the field region, containing no sources, and the source re-
gion, containing the current sources. This treatment is versatile and en-
ables one to design, in principle, a current system to produce any arbitrary
field configuration; conversely, the field configuration may be determined
for any arbitrary source geometry. In this treatment, however, the physics
of an extended dipole coil rotating in a magnetic field is obscured by the
formalism, and it does not permit ready estimate of errors due to simple
asymmetry in coil construction. It is also not readily extended to include
the case of measurement of three-dimensional fields

de Raad used a more direct approach to design a variety of coil sys-
tems for measurement of the various Fourier components of strongly inho-
mogeneous, two-dimensional fields. The general approach used by de Raad
is followed in the present discussion and is straightforward.

The rotating-coil gaussmeters in common use today, such as those
that are commercially available,® are similar to the two coil-balanced null,
or the two coil-balanced minimum, instruments discussed in detail by



Hedgran6 and by Bickstrom.” The principle is very simple: the emf gener-
ated in the field-measuring coil is amplified by an amplifier tuned to the ro-
tation frequency of the coil; this signal is balanced against the output from a
reference coil rotating on the same shaft in a known reference field, and the
difference signal is amplified and rectified for measurement and display.

The following discussion of the use of rotating dipole coils for mea-
suring magnetic fields will be divided into two parts. The first part will be
similar to the discussion by de Raad of the measurement of two-dimensional
fields possessing a median plane of mirror symmetry. The present discus-
sion will be extended to include the case for which the rotation axis of the
probe coil lies in the median plane but may have any angular orientation with
respect to the direction of the field gradient. The second part is a study of
the measurement of three-dimensional fields with both cylindrical symmetry
and a median plane of mirror symmetry. Again, the rotation axis lies in the
median plane, but may have any arbitrary orientation with respect to the
direction of the field gradient. The two-dimensional problem is a special
case of the three-dimensional problem when the radius of curvature of the
field region is so large with respect to the dimensions of the search coil
that the segment of arc may be approximated by a straight line.

In this analysis we study an ideal extended dipole coil with rectangu-
lar cross section; each turn will be assumed to be a flat circular loop, and
the coil will be assumed to be free of any distortion or irregularity in con-
struction except for a simple eccentricity of the rotation axis with respect
to the symmetry plane of the coil. The results obtained with such a coil
will be presented in a general form, but will also be applied to the Argonne
double-focusing alpha-particle spectrometer, which is described in Appen-
dix I. With an ideal coil that possesses at most a 10% eccentricity of the
rotation axis, the field may be measured to one part in 10%. In reality, the
coil will not be perfect, but will possess imperfections whose effects are
difficult to assess: each turn is not flat and circular, but is some sort of
helical segment; the rotation axis, in addition to a simple eccentricity,
may suffer an arbitrary angular misalignment with respect to the symmetry
plane; the finished coil may not be perfectly round and flat. In view of the
manifold of possible imperfections, the accuracy will in all probability be
somewhat less than one part in 108, and will more likely be closer to one part
in 10° or 10%, a figure which comes close to the limitations on the accuracy
determined by factors other than errors in coil construction. Noise in the
amplifier and slip-ring assembly limits the accuracy in the measurement
of small voltages, and the difficulty in adjusting the relative phase of the
field signal with respect to the reference signal in the two coil-balanced
null or two coil-balanced minimum systems limits the precision of the mea-
surement. An arbitrary extended dipole coil that is not designed to have the
optimum shape is discussed in Appendix II, and it is seen that for measure-
ments involving such weakly inhomogeneous magnetic fields as are



pectrometer,

ing alpha-particle s
i greatly relaxed.

d in the Argonne double-foc
o . ] parameters may be

the conditions to be satisfied by the coi

II. EMF INDUCED IN A ROTATING COIL IN AN
ARBITRARY MAGNETIC FIELD

A. Simple Rigid Loop Rotating in a Magnetic Field

circular loop of area a is placed in a magnetic field

impl
e n the plane of the loop and the

of flux density B such that the angle betwee

direction of the field is ¥, the flux linked by the coil is

$ = Ba sin .

If the flux linked by the coil changes with time, an emf

v = dé
=
is induced in the loop. In the case of a rigid toroidal loop of constant area a

rotating about a diameter perpendicular to the field direction, the angle ¥

will be given by
y o= wt,

where ® is the magnitude of the angular velocity. The emf induced in the

loop will be

d
vV = - E(Ba sin wt) = awB cos wt.
(1)

Consider a single loop at the
end of a radius arm of length h, ro-
tating about the x' axis, which lies in
the x-y plane, and makes an angle Q
with the x axis (see Fig. 1). The
plane of the loop is perpendicular to
the radius arm. The coordinates of
the loop are 6 and p, and the ele-
ment of area of the loop is

da = pdpdd

Fig. 1. Single Loop Rotating on the End of the and the flux linked by the area ele-

Radius Arm of Length h, Showing the
Relations between the Coordinates for
the Two-dimensional Configuration

ment is

d® = B sin ¢y pdpdeé.




We assume that the field, B, is independent of time, perpendicular to the
x-y plane, and expressed in terms of the variables ¥, h, p, 6, and Q. The
flux linked by the single loop will then be

ye) 2T
®s = sin ’l’f pdp/ d6B (2)
0 0

and the emf induced in the single loop as it rotates about the x' axis is

P 277
Vg = w cos Wf pdpf déB. (3)
0 0

B. Thick Coil Rotating in a Magnetic Field

In practical measurements the coil will not consist of a single loop
but consists of many turns of wire, and thus will have a finite extension in
space. The results obtained with such an extended dipole coil will differ
from those obtained with a single loop rotating about a diameter because
in the extended coil with a plane of mirror symmetry only the turns that
lie in the plane of symmetry will be rotating about a diameter. For our
discussion we shall assume that the coil is that shown in Fig. 2. The in-
side radius is r;, the outside radius is r;, and the full width is 2h. We
shall further assume that the wire diameter is d, and that successive
layers of wire are wound with the wires side by side and directly on top
of one another, as in Fig. 3. The areal density of turns will then be l/dz,
and the total number of turns in the coil will bf

N = 2h(rp-r;)/d?%. (4)

. PLANE OF
MIRROR

SYMMETRY

d = WIRE
DIAMETER

Fig. 3. Illustrating Perfect Windings,
Each Tum Lying Directly on

Fig. 2. Cross-sectional View of the Simple Top of the Corresponding
Extended Dipole Probe Coil Turn of the Preceding Layer



il i i i 3) over
The emf induced in the entire extended coil is found by integrating (89

p from r; to rp, and over h from -h to +h:

h

T, .

v:%f dpf dhVsg. (5)
d® Jr, -h

III. PROCEDURE AND NOTATION

series expansion, and this expan-
sion is substituted into Eq. (3), the emf induced around ?he singl.e loop by
the field component i will be denoted as Vig. The emf induced in the en-
tire coil will be given by Eq. (5) and will be denoted as.Vi. The total emf
induced in the entire coil by all the field components will thus be the sum

V=) Vi
i

In this analysis, the contribution from each component of the field
will be calculated separately, and the coil parameters will then be deter-
mined such as to eliminate or minimize the contributions from the higher
order terms in the expansion. If all of the contributions except that from
the constant term can be eliminated, the measurement will yield the value
of the field at the geometric center of the coil. Contributions from the
higher order terms in the expansion will have the effect that the measure-
ment will yield a value other than that at the center of the coil. Those
contributions that cannot be eliminated by proper choice of coil param-
eters may be removed, or at least reduced, by passing the signal through
a tuned, ac coupled amplifier which is tuned to the rotation frequency of
the probe coil. The harmonic and dc components of the signal generated
by the higher order terms are thus filtered out electronically, and the re-
maining contributions will be shown to be negligibly small.

When the field is expressed as a

The result of the field measurement will be the output from the
amplifier, and if the contribution from the i-th component is denoted by
Vj, the results may be represented as the sum

iz Up
i

We shall not give the results V and U because we are interested only in
minimizing the contributions from the higher order terms, so it will be
sufficient to calculate the individual contributions Vj in order to examine
their relative effect on the measurement.



PART I: MEASUREMENT OF TWO-DIMENSIONAL MAGNETIC FIELDS

I. THE FOURIER EXPANSION OF THE
TWO-DIMENSIONAL MAGNETIC FIELD

We shall consider the magnet configuration of Fig. 4, which has a
plane of mirror symmetry, the x-y plane. In this median plane the field
vector lies in the z direction, the field gradient lies along the x axis, and
the field is constant in the y direction. The field at points off the median
plane will have two components, By and B,, both of which will contribute
to a measurement made with a rotating-coil gaussmeter. A special case
is encountered when the rotation axis lies along the x axis, and the com-
ponent Bx will make no contribution. We shall consider the general case
where the rotation axis will lie in the median plane but will be oriented at
some arbitrary angle with the x axis. We shall calculate the contribution
from each of the field components separately and determine the conditions
under which the measurement will yield the value of B, in the median

plane to the desired accuracy, while simultaneously minimizing the con-
tribution from By.

(a) (b)

Fig. 4. Cross-sectional View of Two-dimen$ional Magnet Con~
figurations Possessing Planes of Mirror Symmetry

The origin of the rectangular coordinate system shall be taken as

shown in Fig. 4, and the magnetic scalar potential will be the solution of
Laplace's equation in plane polar coordinates. A general solution is®

@
= Z (Akrk+ Byr-K)(Ck sin ky + Dy cos kY). (6)
k=0
To avoid a singularity at r = 0, we set Bx = 0. If we then define
AxG)e miage/ks  AyDy = by/k, (7)

the magnetic scalar potential may be written as

rk

-§ = by + T(ak sin kY + bk cos kY), (8)

Mls

k

1

11
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: -ients of a Fourier
b be considered to be the coefflcx.en
et e ) f the relations

expansion on the unit circle. By making use O
(9)

x = r cos ¥, z = r sin Y,
ectangular coordinates:

i (alyabon o
the scalar magnetic potential may be expresse

e 3 g )t
6 = agz + axz + as(x z-32°) + A=z )

L i il St
+b0+b]x+—2—(x2—z)+ - o 3’
If we set 8 = 0 in the x-y plane, all of the by vanish, and the plane z = 0 will

be a plane of mirror symmetry. We shall have then

4 Z.3 15
-% = a;z + azxz + ay(x?z - §2°) + ay(x%z - x2°) + as(x"z - 2x"2" + 32 ¥ N

(10)

The magnetic field is a vector quantity

B = -¥io = XBy t 2Bz,
with components

B = = % = ayz + as(2xz) + a4(3x%z - z%) + ag(4x3z - 4x2?) (11)
and

08 20 5 3 2 4 2 20 A
B - a; Fasx ag(x- 2%) + agx’ - 3xz°) Fa(x" -zt hE ) (12)
In the median plane z = 0, and we have

Bar= 03 By = ap Faxx + ax’+ ax +ack (13)

where we see that the coefficients of the Fourier expansion in the median
plane may be identified with the derivatives of B, with respect to x in an
equivalent Taylor's expansion of the field about the origin. The z field,
Bz, consists of a constant, the uniform component, plus contributions from
the various derivative terms, and the x field, By, consists only of con-
tributions from the derivative terms. From Fig. 1 we see that components
of the magnetic flux density linked by the area element may be expressed
in terms of §, h, p, 8, and Q by means of the relations

x = (hcos §-p sin 8 sin ¥) sin Q + p cos O cos Q; (14a)

z = hsin § + p sin 6 cos V. (14b)



II. THE EMF INDUCED IN THE EXTENDED COIL
BY THE z FIELD, B,

We now express B in terms of the variables §, h, p, 8, and Q by
means of Eqs. (14a) and (14b), then making use of Eqs. (3) and (5), we cal-
culate the emf induced in the coil by each component of the field. Owing to
the mirror symmetry of the probe coil, the contributions from the odd de-
rivative terms vanish. This follows from the fact that if we consider a
Taylor's expansion of the field about the origin, then within a sufficiently
small region about the origin the odd derivative terms will be linear, to a
good approximation, and the integral of odd powers of h from -h to +h will
vanish. The coil parameters r,, r;, and h, may then be determined such
that the contribution from the second derivative term is zero also. The
next largest contribution will come from the fourth derivative term which
will be seen to be negligible.

A. The Uniform-field Component, a;

1. The Single Loop
Vis = a,mwp’ cos § (15)

2. The Entire Coil

Vl = %Voal‘n cos v (16)

where we have made use of (4) and introduced the expression

8. e o
20N 4h(r; - r}) w
Yo = ‘;’ (r3+ror +1f) = _3d2 . (17)

After full-wave rectification the output signal is
Vi = Voa,. (18)

B. The Gradient Component, a,

1. The Single Loop
V,s = apmwhp? sin Q cos? y. (18a)

2. The Entire Coil
Vz = 0

because the integral over the odd powers of h from -h to +h will vanish.

13
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C. The Second-derivative Component, a3

1. The Single Loop

Vi = a;mw{h?p?[cos® ¥ sin? O - sin? ¥ cos V]
(19)

+ %p‘*[sin2 y cos ¢ sin? Q- cos® ¥+ cos? Q cos ¢}

2. The Entire Coil

By L)
B i S e
Vs :ZVOaS[Z) g——r—i-—gh](l-3 sin® Q) (20)

after full-wave rectification. If the coil is constructed so that the coil

parameters satisfy the relation

(21)

then the second-derivative contribution will vanish. Equation (21) ie

the same condition found by Garrett? and de Raad.’?

D. The Third-derivative Component, a4

1. The Single Loop
Vs = agmw[h®p?(cos* § sin® Q- 3 sin § cos? ¢ sin3 ¢)
+%h|:>4(cos2 ¥ sin Q cos? Q+sin® ¥ cos? ¥ sin® Q- sin ¥ cos § cos?Q
- sin® § cos ¥ sin®? Q- 2 sin ¥ cos® ¥ sin®? Q)]. (22)
2. The Entire Coil
Vs =0
because the integral over the odd powers of h from -h to +h vanishes.

E. The Fourth-derivative Component, ag

1. The Single Loop
= 4,2 ; :
Vss = asmwfh®p?[cos y sin* y - 6 sin? y cos? ¥ sin®Q+cos® y sin* Q] +2h?p*sin? y cos’ y
. 2 2 )
+sin® § cos § cos® N+ cos® § sin®Q cos? 0 + (sip* y cos y +sin® y cos® y - cos® y) sin?Q
LRt : S 5.8
¥ cos’ § sin n];Ep [cos® y -2 cos? y cos? Q- 6 sin® y cos® § sin’Q

in® 3
2 sin®y cos § sin® 0 cos® A+ cos y cos* Q1+ sin y cos y sin® y]}. (23)



2. Phe Entire Coil

7 7 5 5
3 1 r; - 1y h® r;-r
Ve = — —_— - in? st Sl Jea] | =2 s
5 8V0a5[56 rg-ri(“} 18 sin“ Q+5 sin Q)+lo r%-r§(3 sin® Q-5 sin* Q)

at '3 ;
+1—5(1 - 6 sin® Q+ 5 sin* Q)] (24)

after full-wave rectification and simplification of the Q terms. Now making
use of (21) and setting x = r,/rz, this expression becomes

3 G s
e = —voasrg[— Z (13-18 sin® Q+ 5 sin* Q)

8 5oyl
1 (1-x% in? 4
* 300 -l-j (1+6 sin*Q-107.5 sin* Q)|, (24a)

which will never be zero for an extended dipole coil, but if we take
X = r,/rz = 0.3, which corresponds to Garrett's 'H' coil, we shall have

r}
Vs < Voas '1‘6) (25)

for all Q. The relative contribution of the fourth-derivative component to
the field measurement will be

Vs ag r;)
g b a—,(ﬁ (26)

.

This contribution may be made as small as we wish by using an appropri-
ately small coil. Suppose that we are measuring the field in a typical alpha-
particle spectrometer of the double-focusing type with a pole configuration
similar to that of Fig. 6, see Appendix I for a description of the ANL alpha-
particle spectrometer. We take the equilibrium orbit to be x, = 30 in. and
the search coil dimensions to be of the order of 0.10 in. The three-
dimensional field may then, without too great an error be approximated by
our two-dimensional model (see Part II); the expansion coefficients of the
two-dimensional model may be related to those of the three-dimensional
model by comparing Eqgs. (13) and (63), with the result that we simply re-
place ap by an/x?", so that we have as/a, =3.0'x 10'7/x3 = 3.84 x 10°%
and we have then

Vs

25 1n=5 -17
E T IS 107, (27)

which is negligibly small.

15



1II. THE EMF INDUCED IN THE EXTENDED COIL
BY THE x FIELD, By

The x component of the magnetic field differs significantly from

the z component in the following ways:

1. It is parallel to the x-y plane.

s no constant term in the Fourier expansion of the

2 iherend
t-derivative component.

x field; the leading term is the firs
out of phase with the emf in-
= 90° and is zero
elds

3. The emf induced in the coil is 90°
duced by the z field; it is a maximum for Q
for Q = 0 because no net emf is induced in the coil by fi

parallel to the axis of rotation.

The contributions from the odd-derivative components will vanish as they
did for the z field and only the even-derivative components will exist. The
second-derivative term will vanish when condition (21) is satisfied, and the
fourth-derivative contribution will be small. The analysis of the x field
will be the same as the analysis of the z field in Sect. IL We shall make

use of Eqs. (3), (5), and (11) through (14).

A. The Gradient Component, a,

1. The Single Loop
V’;‘S = aznwhpz sin § cos {. (28)

V, = 0.

B. The Second-derivative Component, a,

1. The Single Loop
VX:ian(hZZl4 . : 2

35 = zasmw(h* - 2p*%) sin Q sin § cos? y. (29)
2. The Entire Coil

Vet =)

where we have made use of Eq. (21).



C. The Third-derivative Component, a4

1. The Single Loop

V¥ = agmw[h®p?(3 sin ¥ cos® ¥ sin® Q- sin® ¥ cos ¥)

+%hp4(sin ¥ cos ¥ cos? Q+sin® ¥ cos ¥ sin? 0

- sin ¥ cos® ¥(1 + 2 sin? Q))].
2. The Entire Coil
Ve =0,

D. The Fourth-derivative Component, as

1. The Single Loop

Vi = 4a5nw{h‘pz[sin y cos* § sin® - sin® y cos? y sin Q]

+%thz[sin ¥ cos? § sin Q cos?Q

+ (sin® y cos? y - sin § cos? y)(sin’ Q+sin Q)]

= %p‘[sin ¥ cos? § sin Q cos?Q+sin? § cos? y sin®

+ sin § cos? ¢ sin al}.
»

L. The Entire Coil, after Full-wave Rectification

P
3 Pote - I} - -
V¥ = =Voas|== —— (1-2 sin Q+sin®Q)
2 56r%-r}

5 5

+]03 3

d r3-r 4
B i 3) i 0 sin0) -ll‘;(l-sin’ n):l.

rz-rn

If we use (21), set x = rl/rz, and rearrange the Q terms, we get,

B 5.3 4 . TR
Vs = Evoasrz[% - _xs(l-Z sin Q+ sin® Q)

iz
£ 20%)(%) (3-10 sin Q+9 sin? Q)].
=

Now if we take as typical values, x = 0.3 and r; =

0.1 in., we have

iy §

(30)

(31)

(32)

(33)
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x 1 i (34)
Vs < V035—7—6—,
and the relative magnitude of the contribution to the field measurement of
the ANL alpha-particle spectrometer will be

E 5 1__0-4 < 1018 (35)
Ve = i il ’
where again we have taken a5/a1 —2 3 84 x 107

IV. ESTIMATE OF ERRORS DUE TO PROBE-COIL ASYMMETRY

In this discussion of the effects of imperfect probe coil construc-
tion, we consider only the case where the rotation axis is offset from
the plane of mirror symmetry, thus destroy-
I ing the mirror symmetry of the coil. Errors

r_I—'Z——‘ in the winding itself will tend to be symmet-
T ks : R rical about the mirror plane and will have
2h +J_,__P,R°“”°,N/ the effect of rounding the corners by piling
[ Sl _T—H:*Ef;%%%:, up extra turns near the center of the coil.
| Such effects, being symmetrical, will not

introduce contributions from the otherwise

Fig. 5 absent components.
The Simple Asymmetry with the
Rotation Axis Displaced a Dis- Suppose that the rotation axis is offset
tance § from the Plane of Mir- from the mirror plane by a small distance, §,
ror Symmetry (see Fig. 5). Such a defect in coil construction

will introduce contributions from the otherwise
absent terms, and in this section we calculate the relative magnitude of
these error terms. To do this we need only go back to (5) and change the
limits of integration:

1 T, h+6
W —/ dp f dhv
2 s- 36
o ~(h-5) (36)

The calc.ulation of these errors is simplified because we can start with the
expressions we have already derived for the emf induced in the single loop.
The probe coil is no longer symmetrical, and now the integral of the odd
powers of h will not vanish as they did in the above analysis. The odd de-
rlvatlves will still be seen to vanish, however, when we simplify the ¥
terms which reduce to constant terms and harmonics which are eliminated

in ifi i
t%le a.mphﬁer, so we consider only the contributions from the even-
derivative components.



#A; The z Field, B,

1. The Uniform-field Component, (15)

a,mw
3d?

Vi = (r3- )b +6 +(h-6)] = 2Voa,mcos § (37)

and, after full-wave rectification
Vigio=Npay (38)
which is identical to (16), and the uniform component is not changed.

2. The Second-derivative Component, a;

From Eq. (19) we have

5 5
3 : 1 e P 1
V; = zvoa3(1 -3 smz Q)[ﬁ :—3———1‘; - §hz - 362}, (39)
P e |

which reduces to
Vi = $Voa36%(3 sin® Q- 1),

where we have made use of Eq. (21). If we assume that the eccentricity is
not greater than 0.010 in., we will have

-5
[Vi] = Voas(5-107%) . (40)
and the relative contribution to the field measurement will be
V) EXY
=2|=—(5-10"%) (41)
1 a)

and if, as above, we relate the expansion coefficients of the two-dimensional

model with the three-dimensional model,

A  2.67x 1

L 206w 10
a, x3
this becomes
3
2l ¢ 10-10 (42)
Vi

for the ANL alpha-particle spectrometer.
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We see that the second-derivative component, which, by destlg.n,
ric
made no contribution to the field measurement for tl:e cas;hof szsg:??lsequite
the coil is asymmetric e
coil, does make a contribution if .
small, however: for example, if the eccentricity were equal to one- ha
width of the coil, we would have 6§ = h ~0.100 in., and

v

1

< Jog®

The precision would still be limited by factors other than such errors due
to coil asymmetry.

3. The Fourth-derivative Component, as

We have from Eq. (23)

7
IS
v, = %Voasl:_ —Z——-(13- 18 sin?Q+5 sin* Q)

56 r% =z 1'1
5 1‘5
(h2+36 - ;(3 sin?Q- 5 sin? Q)
z =l
—15(h4+ 10h%62+56%)(1 - 6 sin? Q+5 sin* Q). (43)

The eccentricity error is the difference between (43) and the contribution
from the symmetric coil (24)

(3 sin®’ Q- 5 sin* Q)

il
e (2h%6%+ 6%)(1 - 6 sin®? 0 +5 sin* Q)],

(44)
and this reduces to
Ve = —V0a5r26 ,;— (3 sin® Q- 5 sin? Q)
ClEal S
+3<1—0 = rz>(1-651n Q+5 sin* Q). (45)

Taking the typical values from above

e 0w -0l G = 0,010
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we get an upper limit for the eccentricity error of
V5] < Voas(107¢) (46)
and the relative error is

i

T < 1076 < 10778, (47)
1

which is small compared with (27).

B. The x Field, By

1. The Second-derivative Component, a,

From Eq. (29) we have

5 5
T = %Voa;; sin n[zio ﬁ - é B - %52] (48)
which reduces to

vE' = %Voa;,éz sin Q.
If we take § = 0.01 we have

[VF'| = Voas (5-107%), (49)
and the relative contribution to the field measarement will be

i

lVJT 5—3(5 1075). (50)
If we take as/a; = 2.96 x 1077 as before,
v

T T Elede: (51)
1

and the same observations made following Eq. (42) will be valid here.

2. The Fourth-derivative Component, as

We have from Eq. (31)

~

5
3 1 ri-r] A e 2 2
X == 1-2 Q+sin’ Q) + — (h +36%)(sin Q- sin®* Q)
Vs > V°a5[56 r% 1‘1 ( sin in® Q) 10 r§

1 14 2,2 4 s 3
+ — (h*- 10?62+ 56*)(1 - sin n)].
s ( (52)



duces to
The eccentricity error is the difference between (52) and (32), and'zre

5
3 2 3 1 -x o ey
e ?V0a5r§6 [1—(-) 96 x3(51n R )

5 2
+.l _21__'_X_+£_(l—sin30)]‘ (53)
3\10 3 - x3 12
Again taking the typical values from above
%= ry/ra = 0.3; 15 =011in; § = 0.01in,
we get an upper limit for the eccentricity error
VE' < Veas 1075 (54)
and the relative error
1
yx
Sl <210-6< 10-18’ (55)
V1 a)

is no larger than the contribution from the symmetrical coil, given by (35).

V. CONCLUSION

It is seen that for measuring the magnitude of a two-dimensional,
inhomogeneous magnetic field with a rotating-coil gaussmeter, the optimum
coil shape to minimize the contributions from the higher-order terms is
one with a rectangular cross section and whose parameters satisfy Eq. (21)

3 e

2 - =
h g e

which has been derived by Garrett? and by de Raad.? Using such a coil with
x = 0.3, and possessing at most a 10% asymmetry of the rotation axis, the
field of the Argonne double-focusing alpha-particle spectrometer may be
measured with a theoretical precision of one part in 10'°, in the two-
dimensional field approximation, independent of the relative orientation of
the probe coil axis with respect to the direction of the field gradient. How-
ever, as was indicated in the Introduction

» it is unlikely that a precision of
greater than one part in 10° or 108

can be achieved in actual measurements,
and as we saw above, even if the eccentricity was equal to half the width of
the coil this precision would not be degraded. The theoretical results for
the ANL spectrometer are summarized in Table I.
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TABLE 1
v, Vs, Vg Vs
Relative Contribution — — i g
vy Vy vy 1

The z Component, B,

Symmetric coil 0 0 0 10=*"

Contribution from
10% eccentricity 0 10z % 0 10748

The x Component, By

Symmetric coil 0 0 0 10-18

Contribution from
10% eccentricity 0 107 0 10718
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PART II: MEASUREMENT OF THREE-DIMENSIONAL
MAGNETIC FIELDS

I. THE EXPANSION OF THE THREE-DIMENSIONAL MAGNETIC FIELD

Consider the magnetic field generated by either of the pole configu-
rations of Fig. 6, both of which possess rotational symmetry. If we set th'e
magnetic scalar potential, ¢, equal to zero for z = 0, then'the x-y plane is
a median plane of mirror symmetry, and owing to the rotatlonal. symme‘try
of the pole configuration the field will be cylindrically symmetric, that 39,
8 = & (r,z) = 8(r',z), where r' is directed along r from xo, see Fig. 7.

MEDIAN PLANE — -

()

AXIS OF

ROTATIONALSYMMETRY —= h

MEDIAN PLANE —— -

(b)

Fig. 6. Cross-sectional Views of Three- Fig. 7. The Coordinate System for the Cylindri-
dimensional Magnet Configura- cally Symmetric, Three-dimensional
tions Possessing Both Cylindrical Magnet Configuration

Symmetry and Median Planes of
Mirror Symmetry

The scalar magnetic potential may then be written in expanded form
AboutiriN=R0 S =" ‘as

12 13
=l )l = (A,0+A“r' +A; 52—;+A,3—%-+ ) z

r'? z? z°
+ \Asp+Agr' + A, 2—'+ )—' +(A50+A51r'+...);  JT.

= LD 2mtl
= Z Z Bt W (56)
m=0 n= .

In this coordinate system, Laplace's equation becomes

1 d r'\ 98| % 1 %
T e ke S O -
(1 +r_') = [( +xo) @] . 0z2 4 r'\? w s 5
z )
Now & = &(r',z), so this becomes



From (56) and the fact that

o
or

it follows that

r A
or'?

_BLQ
0z2

&
R

Substitution into Laplace's Eq. (58) gives the recursion relations for

@
z Azm+1,n+1
n=o

r z

1
rn sz+l

the coefficients in terms of A} p:

il
Azm+3,n = - ;;[(1 +n) Agm+1,n+1 + TAzm+1,n+z + nAzm+3.n-l]-

'n 2m+1

, Awmtsn T T

o Zm+1)"

The components of the magnetic flux density are

3% _ i £ 8
By TR Azm+i,n n! (2m)!’
m=0 n=0
= . ) +1
-8 .5 g e
By = = or' Azm+tinh n' (2m+1)!"
m=0 n=0
By = 0.
On the median plane of mirror symmetry, z = 0, and we have
= b
B, = 2 Aunr

n

"
5

0

)

(59)

all of

(60)

(61a)

(61b)

(61c)

(62)

25
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the required field form for the ANL
form of a Taylor's expansion about the
9,10 Through fifth order terms it is

In Appendix I we have given
alpha-particle spectrometer in the
equilibrium orbit in the median plane.

given by

r' r' 2 r! 3 r' 4 63
Bt +az;—0+a3(;-(;) + a4(;—0) + as(x—o ] (63)

where apy, is related to the n-th derivative of the z component of the field

in the median plane on the equilibrium orbit:

1 anBz

;1-! arvn

an+1 ~

r':o.
It follows from (62) and (63) that we must have
A= a5 Ay = ayfxe  Agp = ag(2t/xfl Ay = aq(3!/x3);
Ay = 35(4!/"3)- (64)

The magnetic flux density at all points in space will then be given by

e, az i 22 i r'z?  3r'%z? z* r'z*
Vi G = = e ey e
Xo 2xy  2Xg 4x3 12x3  12x
as[ ST 4
o= Bz a2 4 2N
gL *o x5 125
+2 r'3 3y z2 BriEer + 3r'3z2
x5 L 2xg 2%,
gsl. <l 22 4
+=lr1t_ gr!
xg b6r'“z + z (65)

and
22 z2  p1g3 a, 3 3
s z !
Bry_x—l:z+_z__3 +_22r,z_ +2rz
0 6X0 Xp Xg 3X0 3x(z)

(66)

+
xlm
ow
W'
L2}
o
N
1
N\H
i
><|”’_
© IN
~n
ey
+
&
'Al
=
%
N
1
S
it
N
7
ey

through terms of the order X



Suppose that we wish to measure the magnitude of such a magnetic
field on the equilibrium orbit of a cyclical particle accelerator or charged
particle spectrometer. Let x, be the radius of the equilibrium orbit, and
choose a rectangular coordinate system such that the origin lies at the
center of the orbit, and that the geometrical center of the probe coil is
situated a distance x, from the origin along the X axis. The probe coil
will be an extended dipole coil similar to that used in the investigation of
the two-dimensional field, and the field will be sampled over the volume
swept out by the coil. Let P be a point within this volume, and expand
the scalar magnetic potential about a point that is located a distance x,
from the origin along the radius vector r, which lies in the X-Y plane
(see Fig. 8). Owing to the cylindrical symmetry of the field only the com-
ponents By and B, exist, and we shall relate them to the point x, along the
X axis by expressing r' and z in terms of the coordinates of the coil.

~

4

(a) (b)
Fig. 8. (a) The X-Y Plane Showing the Coordinatestfor the Three-dimensional

Configuration. (b) The r-Z Plane through the Point P.
II. THE COIL COORDINATES
We assume that the axis of rotation of the probe coil lies in the
X-Y plane along the x axis, which makes an angle Q with the X axis at
the point x, (see Fig. 8). The coordinates (x,y, z) designate the point P
within the volume swept out by the probe coil, and we have, from Fig. 8
= P, (67)

where

1/2
[(xo+x cos Q-y sin Q)? + (x sin Q+y cos Q)?] (68)

H
1l

or

H
"

. 2, 27V
xo|1 + —(x cos By sint)s L | . (69)
X0 x(z,

27
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Now, if as in Part I, we take the probe coil dimensions to.b:, of the
order of 0.1 in., and the equilibrium orbit of a typical alpha-partlzzl e ip.)e}c];r
trometer as 30 in., we expand the radical and neglect terms of order hig
than xj°, and from (67) above we have

A 2 2
! =xcosﬂ-ysinQ+2—l—[xzsinZO+2xy sin (0 cos Q+y"~ cos al
=0

+ —1[x3(cos3 Q- cos Q) + x%y(sin Q- 3 sin Q cos? Q)
Bt

- xy%(cos Q- 3 sin® Q cos Q) - y3(sin® Q - sin Q)]

1

3
8xp

[x*(1 - 6 cos?Q+20 cos* ) + x’y(12 sin Q cos - 80 sin Q cos? Q)

+ x%y%(120 sin? Q cos® Q- 4) + xy*(12 sin Q cos Q- 80 sin® Q cos Q)
+ y*(1 - 6 cos? Q+20 cos* ). (70)

In Fig. 9 we have shown a single loop rotating at the end of a radius
arm of length h. The plane of the loop is perpendicular to the radius arm
and the coordinates of the loop are 6 and p. The rotation angle is § = wt,
as before, where w is the angular frequency of rotation. From the figure
it is seen that the coordinates of an element of area of the single loop
(x,y,z), may be expressed in terms of p, h, 6, and §:

x = -p cos 6; y = hcos § - p sin 0 sin ; z = hsin § + p sin 6 cos §.

(71)

Fig. 9

The Single Loop Showing the Re-
lations between the Coordinates
for the Three-dimensional
Configuration




Substitution of these equations into (65), (66), and (70) will give B, and B,
in terms of the coil coordinates. Application of (3) and (5) will then give
the emf induced in the coil by each component of the respective fields. The
calculations will be carried out through terms of the order of x;*.

III. THE EMF INDUCED IN THE EXTENDED COIL
BY THE z FIELD, Bz

A. The Uniform-field Component, a,

1. The Single Loop

211 P
Vis = ajwcos § f de / pdp = awp’m cos §. (72)
0 0

2. The Entire Coil
Vi = Voa, (73)
after full-wave rectification, where we have again made use of (17).

B. The Gradient Component, a,

1. The Single Loop

a,w cos § 2m p . 22 WE:  3piRg? = pigé
N e de pdpr-é—+ e 3+ zis e
Xo A A Xo 2x§ 4x7 12x3 12x;

(74)

2. The Entire Coil

Retaining terms of the order of x5 %, we have for the entire coil
after rectification

3Veaz | ) 9 r:- rf
v, = =t e (3 cos®* - 1)
P Texd {9 20 13-

4
e h—(100 sin* Q- 174 smln+z—33)
8x3| 15 3

——(.150 sin*Q+129 sin’Q + 125;)

(300 sin* Q- 672 sin® Q+ 395)}}. (75)

29
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Now if we make use of (21) to eliminate the powers of h, the first term

will vanish and we have

4 5 2
v, = ivoaz(r_Z){ : (1 < )(-2100 sin* Q +1024 sin? Q+1049)

2000

64 Xp 1252
ui
1—273 L x3 (300 sin?* Q- 672 sin® Q+395)} (76)
i ox

2 Ay 1 58(1 'XE)Z s e (77)
V2<64V°a2(xo) . s s 8

We shall assume that we are to measure the field of the ANL alpha-particle
spectrometer described in the Appendix, where we take

S = a0Mn. ey = 0.1dn.; - x = 0.3; | ag/ay =.-1.67 x 107&

The relative contribution of the gradient component to the field measure-
ment will be

v,

Yy

az

a)

250105 L 0 =AE (78)

C. The Second-derivative Component, a;

1. The Single Loop

asw cos ¥ 2™ P 2 2 2 4
Vot e e f dé f gl ot LA S T E LR (79)
x8 0 0 =0 X 12x§

2. The Entire Coil
3Veas |1 S e

Wy = ==l = (3 sin® Q- 1
4th) {9 20 r% - r:l‘ )

1 h4( 7
| =y SSin4Q+sinZQ-—)
8x§|:15 a

h? r; - 13
*1o ﬁ('ZS sin®* Q+23 sin® Q+ 1)
A -

i) .
bij 1



Again making use of (21) we have

4 2
3 T, 9 l-x
V3 = §v033(;—) Z—Oﬁ)(f—)( 235 sm Q+227 s1n Q+3)
e & "‘7(-25 sin* Q0+ 27 sin® 0+ 39) (81)
T 2

It then follows that

T, 3 b 3" e
8
T 3ZVoa,( ) 0 014(1_x3) + 0.24 | (82)

and for the ANL alpha-particle spectrometer (see Appendix) we have for
the relative contribution of the second-derivative component

v
7’< 231 10712< 10705 (83)
1

D. The Third-derivative Component, a4

1. The Single Loop

P 2,2 3.2
a4Wt cos W 3 A 3 .
i r f s f pdp[ bl e : ;xoz ] o

.

&, The Entire Coil

3Voa 2 13- 1] :
R ‘{_( B aint ms5,n20-1)+11‘-5——3(15sin‘n-18 sin®? 0 +5)
16x4 T
r7 l‘7
+5—16 j ;(-1ssin‘o+21 sin2x7-7)}. (85)
3= &3

Substituting from (21), we get

4
3 T2 8 il x )
.. o g— 255 Q-315 sin Q+91)
V, = 16V°3‘(x0){2000(1- (255 sin*

+ 4 lox ( 15 sin* Q + 21 sin 0—7)}. (86)
56 1 . x3

31
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| —

3 135( -xs)z_ g "7]_ (87)
V4< 16V034( ) 2000 1—X3 iR x3

For the ANL spectrometer the relative contribution of the third-derivative

component to the field measurement is

v a4
—Sigi==f3 - 1072 < 1071, (88)
vy Gl
E. The Fourth-derivative Component, as
1. The Single Loop
asw cos
e = & wf de f pdp[r't- 6r'%2%+ z*%]. (89)
2. The Entire Coil
3Voas [14 h? T A 5
Ve = =B G e 6 sin?Q+1) + — (-5 sin* Q+6 sin“ Q- 1)
B L2 10 o2~z
1 ol = 5 2
O (L20Nsn - =202 5in" R+ 18T ) . (90)
68 13 - =1
Eliminate the powers of h with (21) and we have
4 2
3 rZ) 9(1—x5) Y 5
k= §V0a5<xo {2000 i (-35 sin* Q+42 sin®* Q- 7)
& it 7(120 f1-2 Q
T sin? 02 sin® Q+187) (91)
4 2
3 L2 x5 1 7
Pigic Va() 0032( )+111 o
Bis e Vioad! < e e (92)

For the ANL alpha-particle spectrometer the relative contribution of the
fourth-derivative component is

Us

a: :
= — » -11 S48
T et TR L G R )



IV. THE EMF INDUCED IN THE EXTENDED COIL
BY THE RADIAL FIELD, B,

A. The Gradient Component, a,

1. The Single Loop

aw cos § 2m P 2 1,3
B = ds LA oo -] (94)
Xo " g 6x§  2x3

2. The Entire Coil

After full-wave rectification,

3 1[n2 1 73-1] 1|0t 1 rz-rx
Vi = Voaz{x [ Sy e | sin Qp. (95)
8 27 20 r; o r{ xg 30 112 2 _ r?
After eliminating the powers of h with (21), we shall have
yT T R L e LAl S
2 < V°az 151_x3+§;4000(1_x3) 121 .2l (96)

and for the ANL alpha-particle spectrometer the relative contribution of
the gradient component to the field measurement will be

B. The Second-derivative Component, a;

LIoES 10, (97)

1. The Single Loop
a;w cos ¥ 21 P 3 2p153
Vi = ———— de pdp| 2r'z - 3= + rf] (98)
x2 X0 3xp
0 0
2. The Entire Coil

B 4
Vr:ﬂa_z_l_hz_ii_r_; sin0+—1-i[-h—(sinﬂ-3s'm3ﬂ)
3 22 |9 20 1} - 13 12x§ 15

g E LN
h® T2 - ri 3 1 —_Z : 3 sin’Q-sin Q : 99
o = (9 sin® Q-7 sin Q) + — 56 & rf( sin ) (99)
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Substituting from (21),

1
Vsr * gvoaz(

I

X0

we have

)4

+_ll-x7
Slar gl

and we have

2

5
I:Z)%T)(l_—x—}) (36 sind 0-32; sin )
I-x

(3 sin® Q- sin Q)],

1 ro\* lox®y Ty =
e ;
VF< =v a(-—-) 0,018( ) + 0.004 :
3 g X0 Ik 1=

For the ANL spectrometer the relative contribution of the second-

derivative component is

1
V3 as
Vy a;

9

SlnEi DR

C. The Third-derivative Component, a4

1.5 The bingle Tioop

asWw cos ¥ 2m P 15,3
V4s:'—3f def pdp|3r'%z - 22 - ZZ|.
X0 X0
0 0

2. The Entire Coil

3Voay (pt Sepaiol
L :*{_(3 Sin!Q'ZSinQ)*L : ~(3 sin® Q- 2 sin Q)

Beqt (LD

3
L T2 - 1‘?

(2 sin®* Q- 3 sin Q)}.

Substituting from (21) we have

4
3 T2 63 (1-x5\
VP = Vo) {- (A2 (3 ein .
£ E RPN | dei\ g/ P B0 A tE
BL b
+1121_,(3('25”130‘3Sinn)};

(100)

(101)

(102)

(103)

(104)

(105)
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3 r2\* RN 1 - x7
< g%h(;:) [0.033(l 3) +0.01 ] (106)

-X 1 -x3

For the case of the ANL alpha-particle spectrometer, the relative contribu-
tion of the third-derivative component is

2D 10 (107)

D. The Fourth-derivative Component, ag

1. The Single Loop

4azw cos ¥ am P
Vs = o wogee e f de f pdp(r'3z - r'23). (108)
0 0

Xo

2. The Entire Coil

3Voas [h* h? P = e 1 rz L ]
E = 20 i 3 gils Siiens
5 2 Us " 10\a. +38 5N (sin Q- sin® Q). (109)

After substituting from (21), we have

4 2
3 T R R RS g R - s
[k N o35 — Q- Q), 11
5 2V°as( ) [ zooo(l_xs) t 563 - xa](s”‘ sia” @), (110)

Vs

4 2
3 rp Lo 1Sk
<—Va(—) -0.013( ) + 0.007 , (111)
2 L Xo l—x’ ) e x3

Then for the ANL alpha-particle spectrometer the relative contribution of
the fourth-derivative component is

el 1S A 10775, (112)

V. ESTIMATE OF ERRORS DUE TO ASYMMETRY OF PROBE COIL

The same procedure will be followed as in Sect. IV of Part I. We shall

assume that the rotation axis is offset from the plane of mirror symmetry by
a small distance § (see Fig. 5), and we integrate each component over the
entire coil as per Eq. (36), starting with the expressions derived for the emf
induced in the single loop.
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A. The Emf Induced in the Asymmetric Coil by the z Field, By

1. The Uniform Component, a,

Vi="\ia,,

which is identical to (73), and we see that the uniform component is un-

changed; no error due to coil asymmetry is introduced.

2. The Gradient Component, a;

We have from Eq. (74)

5 5

25

TR H S R B l:|(3coszﬂ-1)
2 8xz 9 2082

233
+ _1_[1_1-(}#+ 10h%6% + 56*) (100 sin* Q- 174 sin® Q +—3—)

L

5
IS0 S B0 r,( . 4 in? 35)
1 e 2 S g2 Q+129 sin? Q + =
o )rg-ri g = g
ol . > X
i m3—5—(300 sin* Q- 672 sin® Q+ 395) (113)
e o

The eccentricity error is the difference between (113) and (75), the sym-
metric relation, and after some simplification, we have

gk 5 \2f1 <4 1yTay [11 - =5 . 3
o= 8V°a2(x0) {?(2-3 sin Q)+-8-(;.-) TR x3(268—264 sin® Q)

5 \3
+ —(—) (100 sin* Q- 174 sin® Q+ 77.67)]}; (114)
3\xy

el SN2 3 (rz)z lisgx? 6 \?
7] s — G | i —
5P 4V0a2(xo) {1 + 5 z 26.8 R + 25.9(r2) ; (115)

If, as in the case of the two-dimensional field analysis, we take 6§ = 0.010in.,
the relative contribution of the eccentricity error of the gradient component
to the field measurement will be

Vs

v

2

a)

<

1080 < 102 (116)

for the case of the ANL spectrometer.



3. The Second-derivative Component, a;

We have from Eq. (79)

3V033{l[ 9 r3- 1}
V, = ——<=|n?+36% - = (3 sin®Q-1)
s 4x§ 9 20 r;-ri

1
+ —-[ (h*+ 10n?6% + 55*) (5 sin* Q+sin® Q %)

8x0
1 re = T3
+ = (h?+362) ———21(-25 sin* Q+23 sin?Q+1)
10 S5 TS
2 3
- r;-rz(zs in* Q+27 sin®Q
* 158 i -25 sin* Q+ sin®*Q+39)]|¢. (117)

The eccentricity error is the difference between this expression and
Eq. (80), and we have

1 3 - x°
bt e ZV°a3 { (3 sin?Q-1) + ( ) [% i x}(-60 sin* Q+72 sin® Q- 4)
- x

l 6)2( in' in® 7)
+3(I‘z 5 sin®* Q + sin Q-? ; (118)
1 612 32\ [2 1 < 706V
Vi =5 Voas(5) {‘ + ol=) [31—.:3'6(;)]}- i

For the ANL alpha-particle spectrometer, the relative contribution of the
eccentricity error of the second-derivative component will be

V' a,
— 5.5-10"% < 1071 (120)
Vl a,

4. The Third-derivative Component, a4

We have from Eq. (84)

3Viay

Vits {%(h‘+ 10h262 4 564)(-5 sin® 045 sin? Q- 1)

16x§

+—(hz+362) (15 sin*Q- 18 sin? 0+5)

7
l"z-

56 ,

( 15 sin* Q+ 21 sin® Q- 7)}
(lZl)
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The eccentricity error is the difference between (121) and (85) and reduces to

g, 82031 - % (15 gint- 21 sin? Q4 7)
Vi = T Vors— {5 g (15 sin* 0
X

i L0~ =
2
+(i) (-5 sin*Q+5 sinZQ-l)}; (122)
L2
262 5 2
Pl SEGILL 2. (i) : (123)
= e x4 101 - x3 r;

For the ANL spectrometer the relative contribution of the eccentricity error
of the third-derivative component is

Vi

2
—|<|=2]2.5 - 107" < 10718, (124)
Vi ay
5. The Fourth-derivative Component, as
We have from Eq. (89)
3Vja
st — l(h4+10h262+554)(5 sin* Q- 6 sin?Q+1)
8xd 15
1 r3 - r)
+— (h?+36%) —— (-5 sin*Q+6 sin®Q - 1)
10 e
2 1
s
2 4 2
+ 1e8 r%_1‘?(120 sin®* Q- 202 sin®* N +187)p. (125)
The eccentricity error is the difference between (125) and (90), and is
given by
Wi = lV 8)* in* in?
Pt ; oasx—o (5 sin*Q- 6 sin? Q+1); (126)
| 1 B\
[Vl <§Voas(x—o>. (127)

For the ANL spectrometer, the relative contribution of the eccentricity
error of the fourth-derivative component is

V's as L 5
Vl<all.6~10 <1072,

(128)



B. The Emf Induced in the Asymmetric Coil by the Radial Field, By

1. The Gradient Component, a,

We have from Eq. (94)

5 5
3 Ll I ks~ Ty
V5 = =Voad—|== (h®+38%) + — ——
8 x3[ 27 20 ;3 _ ;3

1|1 17 - 2,

2 s 252 4y _ [ .
+x4 30(h + 10h°8°+58%) T 3:|smo. (129)
0 PamEy

The eccentricity error is the difference between (129) and (95), and re-
duces to

2 2 5 2
rto_ 1 5 37219 1-x 5
v, ol 71 V(,az—xg 1+2—xo o _l-x3+ —1‘2 : (130)

For the ANL spectrometer, the relative contribution of the eccentricity
error of the gradient component to the field measurement will be

' a
21 <22 1.6-1071° ¢ 1071, (131)
vy ay
2. The Second-derivative Component, a,
We have from Eq. (98) .
5
3Voas )1 9 S HE
V; = —=4=|n?+382 - == sin Q
4 2xt |9 20 3. £}
+ ——|-L (n*+ 10n262+ 56*)(sin 0 - 3 sin® Q)
12x2[ 15
1 1‘5 rS
2 gy ac o ;
e (h%+36 )ﬂ(9 sin* Q-7 sin Q)
7 7
r -r
+ 2 =1 (3 sin’ Q- sin Q)| p. (132)
5613 - 1

The eccentricity error is the difference between (132) and (99), and may be

written as
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X0

2 5
wigsd N A 1fTa\3[ 3 1 <% ¢ in¥ 0.5 8in Q)
V; = '2'V0a3(-;;) sinfl+ 4( 20 | x° (

—6>2(sin Q-3 sin® n)] ; (133)
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2
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str = EVOa3(x—o) 1 + 4()(0) 20 e o s

e relative contribution of the ec-

4
S T

For the case of the ANL spectrometer, th :
centricity error of the second-derivative component to the field measurement

is

: a
73 e g Y L PR (135)
1 a)

3. The Third-derivative Component, a4

We have from Eq. (103)

3Voa
Vi - == l(h4+10h252+554)(3 sin® Q- 2 sin Q)
ng 15
r5_ r5
- — (h?+38%) ==L (3 sin’ Q- 2 sin Q)
i Lz = r}
iiieel. % .
+ — ——— (2 sin’ Q-3 sin Q). (136)
T s
2 1

The eccentricity error is the difference between (136) and (104), and
reduces to

1 1 5 4 : )
Ve EVoa.;(;;) (3 sin® @ - 2 sin Q); (137)
r! 1 5 \*
Vs S§V°a4<x_o) : (138)

For the case of the ANL spectrometer, the relative contribution of the
eccentricity error of the third-derivative component is

vr' a .
— —_ . 10715 -2
v, < : 1 5o 10 LD e (139)



4. The Fourth-derivative Component, as

We have from Eq. (108)

3Vjsa 5 5
vr = 229250 L (n4y 10n%6% + 56%) - (hz+362) ..
g 15
2x3 T3~ 17
7 7
e | . i
?6 ) (sin Q - sin? Q). (140)

The eccentricity error is the difference between (140) and (109) and
reduces to

' 1 4
R 3 voas(—:) (sin Q - sin® Q); (141)
X
; 4
s o.5svoa5(i) . (142)
X0

For the case of the ANL spectrometer, the relative contribution of the
eccentricity error of the fourth-derivative component to the field measure-
ment is

5
S 5 e s < 10580 (143)

»
VI. CONCLUSION

It is seen that for measuring the magnitude of a three-dimensional,
inhomogeneous magnetic field with a rotating-coil gaussmeter, the optimum
coil shape to minimize the contributions from the higher-order components
is one of rectangular cross section and whose parameters satisfy Eq. (21):

91‘

=50
2

he =

H
el o

ST
3
1

o

-

which is the same condition derived for the two-dimensional field model.
Using such a coil with x = 0.3, and possessing at most a 10% asymmetry,
the field of the Argonne double focusing alpha-particle spectrometer may
be measured with a theoretical precision of one part in 10%, independent of
the relative orientation of the probe coil rotation axis with respect to the
direction of the field gradient. When measurements are made at some
radius other than the equilibrium orbit, that is, for an arbitrary radius
o= x, + Xy, it can be seen that the contributions from the higher order
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and decrease for T < xgnsihe relative i??-

terms will increase for r > Xg
11 be changed by the factor (1201 %)t 05

tribution of the i-th order term wi
for we have from Appendix I

ail gl
& i-1
1 X0

which will become

i 1 e (1 +X_1>"1
ar  (xo+xi)!

Over the range r = 1xoto r = 2xg, we see from Table II that the effect will
be negligible for the case of the ANL spectrometer. Again, as was indicated
in the Introduction, it is unlikely that in actual measurements the precision
will be greater than one part in 10° or 10% If the eccentricity were equal to
one half the width of the coil, that is, if we set § = 0.100 in. instead of

0.010 in., the largest contribution to the eccentricity error would be given
by Eq. (116), and would be of the order of one part in 10®. Thus we see that
even a very large asymmetry would have little effect on the precision of an
actual measurement. The theoretical results for the ANL spectrometer are

summarized in Table II.

TABLE II
% v v v
Relative Contribution — =i P St
V j Vl V] V 1

The z Component, B,

Symmetric coil L0374 10314 10°17 1056

Contribution from
10% eccentricity 1of T 1p7%8 IO

The Radial Component, B,

Symmetric coil 10-? 1te 18 ol 1074

Contribution from

10% eccentricity 1ot gl il ol I
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APPENDIX I
The Argonne Alpha-particle Spectrometer

The Argonne alpha-particle spectrometer is a double-focusing in-
strument with an equilibrium orbit of x, = 30 in. The pole faces have been
designed so that the z component of the magnetic field in the median plane
satisfies the Taylor's expansion about the equilibrium orbit (see Fig. 8):

2 3 B
T - X, b r-x r-x
W = Bo[l-'ﬂ +B( ) +v( °) + 61( °)
Xo X X Xo
- |

+ 6z(r x:°) + 5,(f;ox°)6], (1-1)

where

M 0253 B .= 0,24; Y = -0.065;

6, = 0.252; 8, = -0.70; 6, = -1.90, (1-2)
and B, is the magnitude of the magnetic field on the median plane at

r = X,, the equilibrium orbit. Using the above values, we can calculate
the ratios of the expansion coefficients in Eq. (63):

a; = Bo; (1'3)
B a .
ay = B =, - G i Ty P RRTCL (1-4)
or Xo a) Xo
r=x,
2
B B
e R B eraigit (1-5)
3 2’ »
2 Jr2 r=x, X5 a1 xp
3
B B a
N B - T TP PR | v (1-6)
ik gy B wox
r=Xp 0 o
4 B 8
as = 2 2% il . =h =t o8BSO, (1-7)
24 ¥rt|,.,, xp o
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APPENDIX II
The Nonoptimum Coil Shape

Let us consider the effect of using an extended dipole coil whose

parameters do not satisfy Eq. (21). Take a coil with? rj.=:0,155 in., Tyss
0083 i and FAll width 2= 0106 in., so-EhRtE.= ry/r, = 0.3. This coil
is constructed so that the full wid
dition (21) and is an extended dipo
late the leading terms for the two- and thre

th is just one-half that required by con-
le coil with square Cross section. We

shall calcu e-dimensional models.

I. The Two-dimensional Model

A. The z Field, By

For the symmetric coil, condition (21) is now not satisfied, so

that the contribution from the second-derivative component will not vanish,

and we have from (20)

Y mTifm 91-xl
V1<a1 6 rE_Zol-x3 ’ (11-1)
or

-&<—a—332'10'5< 1o

haaia ' (11-2)

For the asymmetric coil, we shall again assume that the asym-
metry takes the form of a 10% eccentricity, that is, the rotation axis 1s off-
set from the plane of mirror symmetry by a distance 6 = 0.0l in. (se
Fig. 5). We then have from (39) : ‘ 3

5<2§  agle 8 5 \2
e s Aol (u-3)

or

as
—|<—4.2-10"* 8
ay T (11-4)

e T Feda

Sbtained £ F;}rlom E}qs‘ (39) and (48) we see that the same expressions are
ed for the x field :
this case also eld as for the z field, and the above relations hold for



II. The Three-dimensional Model

A, The'z'Field, B,

For the symmetric coil, we have from (75) for the leading
terms involving the gradient component, a,,

Va 1agfr2\*[ 9 1-x5 n?

2l 1)22 _) 2 i-% x (11-5)
A IZlaN2s/ |20 1 . %3 rl

Vz ap

— —_ | -6 -7

AN 2-10°6< 1077, (11-6)

For the second-derivative component, a;, we have from (80) for the lead-
ing terms

% 2 5 2
3 1 a3/T; 9 1-x h
v, < 6 al(xo) [ZO e :g] (11-7)
aj = 2
< = i 105 1072, (I1-7a)
1

For the asymmetric coil we shall again assume the eccentric-
ity to be of the order of 10%. The eccentricity errors will be seen to be of
the same order of magnitude as those associated with a coil that satisfies
Eq. (21), and will be smaller than the relative contribution from the corres-
ponding components when using a symmetric %oil. For the gradient compo-
nent, a,, we have from (115) for the leading term

Vs 1|az| /6 \?

7 <7=l&) (-8)
V‘z a

R a—z 10-7 < 1078, (11-9)
1 1

For the second-derivative component, a;, we have from (119) for the leading
term

Va - 1237842

) (11-10)

V] 23] Xo

V; as -8 -10

= <o 5.5:107°< 107 (11-11)
1 1
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B. The Radial Field, Br

For the symmetric coil, we have from (95) for the leading

term involving the gradient component, az,

i 1 |a2| 3 h2+ g oz (11-12)
— | — — | — — — |

Vo | = 72]asf x3|d 201 - %3

&
i R TR T e [ (11-13)
Vi ap|

From (99) for the second-derivative component, as, the leading terms are

Vs <1fjf£)z_"_l_'f_l’_z.‘ (11-14)

Tl—galo Tl

VI‘

—V? el ag - 107 <10 (11-15)
1 a)

For the asymmetric coil, we have from (130) that the leading

term involving the gradient component, a,, is

Ul = 24|y xl'

(12 a

—VZ— R a—z orR : HgTae i e (11-17)
1 1

From (134) the leading term involving the second-derivative component,

az, is
er‘ 1 33/6)?2
<z (1-18)
vF'
3 a
< ::- 855 - 107F < 100%, (11-19)

For the case of this particular coil, the theoretical precision is not deter-
mined by the 10% eccentricity, but by the coil parameters and the failure
to satisfy Eq. (21). It is apparent that the real limit on the precision of the
measurement is still determined by factors other than imperfections in
coil construction, and will be of the order of 10° or 10" 4In general, it is
seen that when making measurements on such weakly inhomogeneous mag-
netic fields as are generated in the ANL spectrometer, any conditions to be
satisfied by the coil parameters may be greatly relaxed.
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